Polyhedral Kähler surfaces are a class of complex surfaces, which are flat everywhere except on a two-dimensional skeleton. They are defined as a generalisation of the "gluing a polygon side by side" construction of flat Riemann surfaces.
Introduction

Definition and examples of P K manifolds
There is a well-known construction of flat Riemann surfaces with conical singularities, occurring by gluing two-by-two sides of same lengths of a polygon P Ă C. The resulting topological surface S naturally inherits a complex structure, which is flat except at a finite number of singular points: charts are trivial at neighbourhoods of points not being vertices of P , and any vertex x of P has a neighbourhood U x Ă S isometric to the cone C α Ă C centred at zero of conical angle 2πα, so that the map z P C α » U x Þ ÝÑ z α P C is a chart.
This point of view on Riemann surfaces is given several motivations in the survey [5] by A. Zorich. One of them is the definition of the so-called Teichmüller geodesic flow on the moduli space of genus g Riemann surfaces (and even on the Teichmüller spaces, because the flow preserves a given choice of representatives of the fundamental group). It is defined as follows: fix a polygon with sides which are two-by-two identified by translations, so that you can glue it to a flat Riemann surface X 0 . Fixing a real direction in this polygon, scaling in this direction and gluing the new polygon according to the old gluing-pattern, we get a new flat Riemann surface of the same topological type as X 0 . This defines our Teichmüller geodesic flow. Its orbits and ergodic properties are studied in geometry as well as in dynamical systems.
The initial gluing-procedure can be generalised to higher dimensions to construct so-called polyhedral manifolds.
Definition 1.1. Consider M a 2n-dimensional R-smooth manifold together with some fixed simplicial decomposition, and endow it with a flat metric obtained by isometrical gluing of choices of flat metrics on each 2n-dimensional simplex. Then M is called a polyhedral manifold.
From now on, let us consider for convenience only connected manifolds.
Definition 1.2. If M 2n is a polyhedral manifold, let M s be the union of all its simplices of codimension at least 2. Then M zM s clearly has a complex structure, so that the holonomy of M is well-defined as the holonomy of M zM s . This holonomy is called unitary if it is a subgroup of U pnq.
For n " 1, we were lucky enough to get an additional complex structure on M . This does not arise in general, for M may have a non-unitary holonomy: U p1q " SOp2q but U pnq Ĺ SOp2nq in higher dimension.
Actually, a more careful study sheds light on another obstruction. Let M 2n be a polyhedral manifold of unitary holonomy, M s its 2-skeleton. Let us introduce a few useful concepts for studying the singular locus of the flat metric, M s . First, if x P M s does not belong to any simplex of codimension greater or equal to 3 (x is in a face F x of codimension 2 of the simplicial decomposition), then there is a neighbourhood x P U x Ă M isometric to C αˆR 2n´2 . We call 2πα the conical angle at x. In particular, if M is P K 0 , all such conical angles are in 2πZ. Moreover, this isometry carries the natural parallel complex structure of U x X pM zM s q to a parallel complex structure on CαˆR 2n´2 , which can be extended by continuity to C αˆR 2n´2 . If t0uˆR 2n´2 is stable under this complex structure, the face F x is said to have a complex direction. 
Complex Kähler structure and flat metric on P K surfaces or curves
We already mentioned a natural complex structure arising on any P K 0 curve. Actually, P K 0 surfaces are trickier to handle; let us just quote here a theorem of [4] We do not need this theorem in Section 2: P K 0 surfaces arising as a product of two P K 0 curves have indeed an explicit complex structure. It will appear to be mostly important in Section 3, significantly enough the third part about the structure of M s .
Let us denote by Ω 1 pXq the sheaf of holomorphic 1-forms on a complex manifold X. Combining complex structure and flat metric on P K 0 surfaces and curves yields to the following definition: Definition 1.9. A holomorphic 1-form on an n-dimensional P K 0 manifold is said to be compatible with the flat structure if at any non-singular point, it is locally pulled back from a form of constant coefficients a 1 dz 1`. . .`a n dz n on C n by the isometric local chart. At last, we should say that the "Kähler part" of D. Panov's theorem is not proven in [4] . For sake of self-contentedness, let us sketch here an argument for proving due to Misha Verbitsky and Dima Panov. It uses the following lemma: The proof of this lemma is to be found in an upcoming book by Misha Verbitsky and Liviu Ornea about the classification of complex surfaces.
In this article, we actually just need to prove that a P K 0 surface can not be a Hopf surface (Section 3.3), hence finding a non-zero (1,1)-form is already enough for our purpose (even if it has some degenerations). 2 . There are some coordinates pz, z 1 q on U p , pz 3 , z 1 q on C 2 in which there is a chart pz, z 1 q P U p Ñ pz n , z 1 q P C 2 centered at p " p0, 0q with M s " tz " 0u locally. We can also write z 3 :" az 1`b z 2 " 0 for some constants a, b P C, say b ‰ 0. Then on U x X V , dz 1 " dz 1 and dz 2 " b´1pnz n´1 dz´a dz 1 q. Since
This does not depend of the choice of V since M has trivial holonomy, so that dz 1 can be chosen globally on M zM s .
For p P S now, we can extend ω by Hartogs theorem (in the basis of local (1,1)-forms, ω is indeed given by a finite number of holomorphic functions defined everywhere except at the (real codimension 4) point p).
Hence, ω extends to a global closed (1,1)-form on M . It has some degenerations, so it is not Kähler itself; nevertheless its square is still the local volume form almost everywhere, so it equals 2.
Results
Remember that a P K 0 curve X has an Albanese variety: AlbpXq " H 0 pΩ 1 pXqq˚{ιpH 1 pX, Zqq where
s an embedding. This AlbpXq is a complex torus, and fixing x 0 P X, we have a map
Even with the P K assumption though, there is no reason why this map should be a (-n eventually ramified) covering. Actually, we prove in Section 2 that:
is a ramified covering of a torus if and only if there are two directions V and H such that V -periods (respectively H-periods) form a discrete subgroup of R.
Remark 1.12. This is actually equivalent to the fact that for any two distinct directions V and H, V -periods (resp. H-periods) form a discrete subgroup of R, or also to the fact that periods form a lattice in C.
This idea enables us to construct P K 0 surfaces which are products of two curves but not ramified coverings of tori, by theorem B of Section 2.3:
ramified covering of a torus T if and only if C 1 and C 2 both are ramified coverings of tori.
In Section 3, we consider the converse problem: which P K 0 surfaces are products of two curves? The answer depends actually on the set of complex directions of X realised by codimension 2 faces. After a few definitions postponed to Section 3, we will be able to prove the following result:
If it has at most two relevant complex directions, it is a product of curves. Moreover, there are P K 0 surfaces with three relevant complex directions not being products of curves.
Figure 1: Topological argument to choose T in the proof of lemma 2.2 2 Does a P K 0 product of curves cover a torus?
Characterising P K 0 curves
All starts with the following correspondence.
Proposition 2.1. A P K 0 curve is the same as a zero holonomy flat Riemann surface with a finite number of singular points.
The direct inclusion has already been proved. Let X be a zero holonomy flat Riemann surface with a finite number of singular points. Since the surface has zero holonomy, we can fix a direction in the tangent space at each point of X; let's call it the north. Completing this unitary vector field into an indirect orthonormal basis of T X, we can define an orthogonal unitary vector field east. For all x P X, we denote by l x : R Ñ X the geodesic path of northern direction such that l x p0q " x and m x the analogous eastern path.
To prove that X is a P K 0 curve, we are going to use the following result.
Lemma 2.2.
There is a compact geodesic arc of eastern direction S such that for all x P X, the path l x crosses S.
Proof. Actually, take any p P X and the geodesic arc of eastern direction S " m p pr´T, T sq, for some T to be chosen in a while. Let U " tx P X | l x crosses Su. It contains S. For a well-chosen T , U even contains a neighbourhood of S. Indeed, m p pRq Ă X is compact, so finitely covered by open sets U 1 , . . . , U N of X trivialising the north-east grid and of eastern diameter smaller than 2. Without loss of generality,
This argument is depicted on figure 1 , with m p pr´1, 1sq in blue, the remaining part of m p pr´2, 2sq in green, the remaining part of m p pr´3, 3sq in cyan, and the remaining part of m p pRq in red. On this figure,
U is open in X: let x P U and t 0 P R such that l x pt 0 q " s 0 P S. Then, y P X Þ Ñ l y pt 0 q P X being a local diffeomorphism, we restrict it to a diffeomorphism between neighbourhoods V x and V s0 on which the north-east grid is trivial. Since U contains a neighbourhood of S,
And U is also closed: let x P X approached by a sequence px n q P U N . We have pt n q, ps n q such that l xn pt n q " s n P S. Since S is compact, we can assume that both ps n , t n q converge to ps, tq P SˆR Y t´8,`8u. If x P l s pRq Ă U , it's fine. Else, x can actually be approached by a sequence in l s pRq; in a neighbourhood of x trivialising the north-east grid, l s pRq is just a set of parallel lines of northern direction. So there are some a, b P R such that m x paq " l s pbq. Since north and east define locally constant vector fields with zero Lie bracket, their flow commute, so s 1 " m s p´aq P S satisfies l s 1 pbq " x. By connectedness, U " X.
For now on, let S be as in the previous lemma. Let ε ą 0 such that l : ps, tq P Sˆp´ε, εq Þ Ñ l s ptq P X is injective. Let U be its image. Since U Ă X has non zero Lebesgue measure, by Poincaré recurrence theorem, for almost all s P S there is a time t U psq ą ε such that l s pt U psqq P U and hence tpsq P pt U psq´ε, t U psq`εq such that l s ptpsqq P S. Without loss of generality, we can assume that tpsq ą 0 is minimal and call it the first return time of l s . By almost all, we understand S 1 Ă S such that lpS 1ˆp´ε , εqq and lpSˆp´ε, εqq have the same Lebesgue measure.
Let us cover X by a finite set C of open balls trivialising the north-east grid. If x P S 1 and l x does not go through any singular point before its first return to S, then there is a neighbourhood x P V x Ă S such that for all t P r0, tpxqs and for all y P V x , an open ball of C contains both l y ptq and l x ptq. Then all l y for y P V x are parallel paths with constant distance to each other before their first return to S and they all have the same first return time tpyq " tpxq. Particularly, V x Ă S 1 . So S " S 1 by connectedness.
Hence, this construction defines a striped decomposition of X in the following sense (see figure 2) : a strip is an element of tl x ptq | x P S, t P r0, tpxqq, l x psq is not a singular point for s ă tpxqu {"
where " is the finest equivalence relation such that l x psq " l x ptq if x P S, s, t P r0, tpxqq and x " y if x P S and y P V x . According to Lemma 2.2, strips partition X. This gives equivalently a construction of X from glued rectangles as in figure 3 .
Hence, X is a P K 0 curve. Proof. Let Γ " P H`i P V . Consider the rectangle decomposition of X as a (simply-connected) polygonal closed setX Ă C from which X is glued by the projection p :X Ñ X. Fixing a base point and integrating dz along paths contained inX, we define an injective, holomorphic map:X Ñ C. Composed with the canonical C Ñ C{Γ, it yields a finite-sheeted surjective mapX Ñ C{Γ which is a covering insidẽ X. It is depicted in figure 4 .
Does a P K
By definition of Γ, this factorizes through p and we get a map: X Ñ C{Γ, which is a finite-sheeted covering ramified only at points corresponding to vertices ofX, that is to say at the singular points of X.
We are now left with the converse statement of theorem A. Proposition 2.6. Let X be a P K 0 curve and a ramified covering of a torus π : X Ñ C{Γ as well. Then P H and P V both are discrete subgroups of R.
Proof. It is equivalent to show that P H`i P V is a discrete subgroup of C, which is clear since:
-" Γ.
Remark 2.7. By Remark 2.4, if X is given with its rectangle decomposition, we can easily construct a finite number of generators of P H and P V . Checking that P H and P V are discrete is then tantamount to checking that a few generators are commensurable, which is quite an effective criterion.
Generalising to products of P K 0 curves
Let us now prove theorem B.
Proof. The converse direction is clear. Let now π : X " C 1ˆC2 Ñ T be a ramified covering of a torus by a product of P K 0 curves. Let us prove that both curves C 1 and C 2 are ramified coverings of complex one-dimensional tori.
Denote by dz 1 , dz 2 the unique (up to a complex multiplicative constant) holomorphic flat differentials on C 1 , C 2 , and take a basis of flat differentials dz, dw on T. For any fixed b P C 2 , we pull them back by
These pull-backs are holomorphic flat differentials on C 1 , so multiples of dz 1 , and their periods are the same as the periods of the forms dz, dw on the torus, so discrete subgroups of C. But by Proposition 2.5, the periods of a non-zero multiple of dz 1 form a discrete subgroup of C 1 if and only if C 1 is a ramified covering of a torus.
Hence, if we assume that C 1 is not a ramified covering of a torus (working by contradiction), we get fb p dzq " fb p dwq " 0, that is to say that at a point pa, bq P C 1ˆC2 , both linear forms pπ˚dzq pa,bq and pπ˚dwq pa,bq on the tangent space T pa,bq pXq have the same one-dimensional kernel T pa,bq pC 1ˆt buq. So these two linear forms π˚dz, π˚dw are proportional. But dz, dw were set linearly independent on T, absurd! So C 1 is a ramified covering of a torus.
Remark 2.8. The compatibility of our pull-backs of holomorphic 1-forms with the flat structures arises from the fact that we always pull back through local isometries (for π, it is example 3.4.4 in [2]). It is very important since our main criterion, that is theorem A, focuses on periods for a holomorphic 1-form
dz compatible with the flat structure.
3 Characterizing P K 0 product of curves
Some more definitions
Let X be a P K 0 surface with 2-skeleton X s .
Definition 3.1. A complex direction of X is defined as a parallel line bundle on
XzX s which is also a subsheaf of Ω 1 pXzX s q.
Let F be a codimension 2 face of X and F s be the set of points x P F which are codimension 4 singularities of X. In a neighbourhood of a point x P F zF s , there is a chart pz, z 1 q P U x Ă X Þ Ñ pz n , z 1 q P C 2 such that locally F X U x " tz " 0u.
Definition 3.2. The complex direction of F is the unique complex direction
Examining whether X could be a product of curves, we will be interested in eventual splittings of its cotangent bundle. Our first goal is to extend certain complex directions of X to the whole surface. This works out when two or less distinct complex directions of X are relevant.
Then we give an example of a P K 0 surface X with three relevant complex directions, which is not a product of two curves. It arises as a ramified covering of a torus over some elliptic curves. Let us summarize some useful facts about flat elliptic curves inside a complex 2-dimensional torus, and deduce some easy statements on ramified coverings of tori and P K 0 surfaces.
Excursion in the realm of complex tori Definition 3.4. Two complex tori T 1 , T 2 of same complex dimension n are said isogenous if one of these equivalent conditions is satisfied:
• there is a finite-sheeted covering T 1 Ñ T 2 ;
• there is a finite-sheeted covering T 2 Ñ T 1 ;
• there are lattices Λ 1 , Λ 2 of C n such that T i is biholomorphic to C n {Λ i and for some non-zero integers
Isogeny defines an equivalence relation on the moduli space of complex n-dimensional tori: we denote it ambiguously by ». Proof. Let z 1 , z 2 be the coordinates of T induced by C 1 , C 2 . Since they are globally defined up to additive constant, they induce global holomorphic mapsz 1 : T Ñ C{Γ 1 ,z 2 : T Ñ C{Γ 2 for some lattices Γ 1 , Γ 2 . The equationz i " c i is now a global equation for C i (for a good choice of c i ) and there is a projection in the local basisz 1 ,z 2 given by px 1 , x 2 q P T Þ Ñ ppc 1 , x 1 q, pc 2 , x 2P C 1ˆC2 . Hence, T is a finite-sheeted covering of C 1ˆC2 .
We can now prove Proposition 1.5.
Proof of Proposition 1.5. Let T be a torus and C 1 , . . . , C n flat curves in T with no three of them having a common intersection point. Let X be a ramified covering of T over C 1 , . . . , C n . It has trivial holonomy; it is only left to check the local condition that it should be polyhedral Kähler.
It is clear outside of the ramification locus. In a neighbourhood of a point belonging to only one ramification line, there are two local coordinate z 1 , z 2 as in the proof of Lemma 3.6 making the situation isometric to: pz 1 , z 2 q Þ Ñ pz m 1 , z 2 q P C 2 over a neighbourhood of the point p0, 0q, with ramification line tz 1 " 0u. Take any ε ą 0. Gluing cubes
by isometries for k P Z{2mZ, we get a local P K 0 model of our singularity. In a neighbourhood of an intersection point of two ramification lines, the situation is again as in Lemma 3.6, that is to say like in the chart pz 1 , z 2 q Þ Ñ pz m 1 , z n 2 q P C 2 over a neighbourhood of p0, 0q. Then consider all cubes
for k P Z{2mZ, l P Z{2nZ and glue Cub k,l with Cub k`1,l (respectively Cub k,l with Cub k,l`1 ) on the side argpz 1 q " πpk`1q (respectively argpz 2 q " πpl`1q) by the identity. This gives a local P K 0 model of our product-type singularity.
Remark 3.7. Let X be a P K 0 surface and a ramified covering of a complex flat two-dimensional torus π : X Ñ T over curves C 1 , . . . , C n Ă T. Let X s be as usual the singular locus of X as a P K 0 surface. Then πpX s q is a union of flat elliptic curves inside T, since any codimension 2 face of X has a fixed complex direction. Conversely, each π´1pC i q is a curve of fixed complex direction in X. There is generally no equality between πpX s q and C 1 Y . . . Y C n .
Remark 3.8. If a flat torus contains three flat elliptic curves
To that extent, considering P K 0 surfaces being ramified over at least three curves on a torus is a very nice and specific situation.
Extend line bundles
In the forthcoming proofs, we need to extend line bundles near some singularities. Let us prepare for it with the following results. Proof. Combine Proposition 3.9 on the complex surface XzS, the fact that the sheaf SpT is locally the same as a 3-dimensional free sheaf of holomorphic functions and Hartogs' extension theorem to define a global section of SpT on X. Its determinant is non-zero on XzS; at a point s P S belonging to a compact complex curve C (respectively to X, if it is compact), since the determinant should be holomorphic, hence constant and non-zero on C (respectively X), we get detpω s q ‰ 0, so ω s ‰ 0. So we have a special tensor on X, and the converse direction of Proposition 3.12 applies to split the cotangent bundle of X.
Near complex codimension 1 singularities, we extend line bundles thanks to the following result:
Lemma 3.14. Let X be a P K 0 surface with 2-skeleton X s and C Ă X s an irreducible component. Let C s be the set of complex codimension 2 singularities of X belonging to C. Let x P CzC s with a neighbourhood
Proof. Reducing to a smaller neighbourhood U x Ă V x , we have a chart φ x : pz 1 , z 2 q P U x Ñ pz n 1 , z 2 q P C 2 , in local coordinates pz 1 , z 2 ). This coordinate system can be chosen such that L 1 , L 2 are spanned by the 1-forms dz 1 , dz 2 on U x zC.
Let us take local coordinates z, z 2 on U x pulled back from pz 1 , z 2 q through this chart: nz n´1 dz " dz 1 , dz 2 " dz 2 . Setting L 1 pU x q " C¨dz and L 2 pU x q " C¨dz 2 makes sense and gives rise to the two extended holomorphic line bundles as wished. 
P K 0 surfaces with two complex direction
We start by recalling a result of [1] to characterise a product of complex curves. Proof. Let L 1 , L 2 be two locally independent line bundles defined on XzX s by translating dz 1 , dz 2 (thanks to flatness and trivial holonomy of X), such that the at most two complex directions of X are among them. They extend toL 1 ,L 2 on XzS by Lemma 3.14, for S Ă X s the set of complex codimension 2 singularities on X; since X is compact, Lemma 3.13 then extendsL 1 ,L 2 to X, and we are done.
Ramified torus over three curves of different complex direction
Let us first prove a technical lemma, using the following well-known fact. 
. Moreover, since C 
Similarly, L 1 | Xzπ´1pC2q " M j | Xzπ´1pC2q for some j, and j " 1 since L 1 , L 2 are locally linearly independent as subbundles of Ω 1 pXzX s q. Hence, the special tensor ω given by the splitting Ω 1 pXq " M 1 ' M 2 satisfies:
for all p P zzπ´1pC 1 Y C 2 q and some holomorphic never-vanishing function α on Xzπ´1pC 1 Y C 2 q. Let us write ω in local coordinates in a neighbourhood U p of a point p P π´1pC 3 qzπ´1pC 1 Y C 2 q. Let z 1 , z be local coordinates in U z such that L 1 pU p q " C¨dz 1 , L 3 pU p q " C¨dz, there is a chart given in these coordinates by:
φ p : pz 1 , zq P U p Þ Ñ pz 1 , z n q P C 2 , yielding dz 1 " dz 1 , nz n´1 dz " dz 3 . Since dz 3 spans the complez direction of C 3 in T, dz 2 " a dz 1`b dz 3 for some a, b P C˚. So, for all flat chart neighbourhood V Ă z, it holds in U p X V that ω q"pz1,zq " aαpqq nz n´1
which is not bounded when z tends to zero, whereas ω should also be defined at p " p0, 0q, contradiction.
